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|5 Full MHD proposed for JOREK]

B.1  Simplify stress tensor and energy conservation|




In this report we propose to study the different fluids models used to describe collisional plas-
mas. The main objective is to derive the different models and give for all these models an energy
balance law. Firstly we will derive the two fluid models using the moments of the two species
Vlasov-Maxwell equations. After this, using the quasi neutrality assumption which comes from
that the characteristic velocity of the plasma is very small comparing the light velocity, we will
derive the Extended MHD model. This model is the main model of this document. Firstly we will
give an energy estimate and after we propose an ordering of this equation which allows to obtain
a family of MHD models. Lot of computation proposed in the document can be found in the PhD
thesis [MARTIN 2013].

1 Derivation of two fluid mode using Vlasov equations

The first part of this report aims at deriving the two fluids system (with closures) using the firsts
second and third moments of the Vlasov-Maxwell equations. The Vlasov equation admit an en-
ergy estimate and we will keep this estimate for the fluid model.

1.1 Vlasov Equation

We consider that our plasmas can be described by the following two species Vlasov-Maxwell
equations. We consider the distribution function associated with the species s noted f,(t, z,v).
The spatial variable is ¢ € D, and velocity variable is v € R3. The charge of particle is called g;.
The 2 species Vlasov - Maxwell equation is given by

,—[ Two species Vlasov-Maxwell equations} .

Oufs+v-Valfo) + 5 (B+vx B)-Vof, = C,

1
gatE V X B = —pgJ
(1.1)
8tB:—VXE
V-B=0
v.E=-2
€0

witho =3 0, =" qsns. The collision operator C; is given by Cs = > C, . Since the number
of particles, the moment and the total energy for one specie or for the sum of the two species are
not changed by the collisions at the point  we have

° Cdvssrdv:O
R3

° m dvsvCssdv = 0
R3

. / m dvs\v\zCssdv =0
R3

° m dvsvC s dv + m dvgyvCy dv =0
R3 R3



o/ mdvs\v\QCSS/d'U—i-/ m dv|v*Cy dv =0
R3 R3

For now, we do not consider the case where we have a external source. It will however be impor-
tant to add external source term when modeling realistic tokamak physics.

— Lemma \

The equations (1.1) satisfy
2 1 2
E|"de+-— [ |B|* dz | =0.
210 Jo

d (1 ,
dt(st:/Q/Riims'fs‘v‘ dvdz

2
Proof. We multiply the kinetic equation by |”2| , we sum the two equations on the two species and
we integrate in velocity and space. We obtain

[at//Rs( |v|2 )dvdx+//1@3<ms wa> dvdx+/Q/RS(qs(E+va)-vas) dvdx] =0,
[at//RS( |”|2 )dvdx+// me z( |2f8) dvdx+/Q/RS(qs(E+v><B)-vas) dvdm]:o.

We have obtained this using the previous assumptions on the collision operators. Using the free
divergence theorem we obtain

;&/Q/Rg(ms“;wfs) dvdx+¥/Q/RS(“)2’2 (qs(E+’v><B)-V1,devd:n)> =0.

Integrating by part in the velocity space we obtain

Zat// ( ) dvdx—Z//RS(fs <q5 (E+vx B)- vv(| v’ )>> dvdz = 0,

Zat//( )dvdaz—Z// (fs (¢s (E 4+ v x B) -v)) dvdz =0,

Zat//RS(ms )dvde/qs </ vdvfs)/ﬂ/m dvdazgs (v x B) - vfs dz = 0.

We have (v x B)-v = 0. Now we integrate in the velocity space the Vlasov-Maxwell equation and
we define p = [ps f dv = Y my fps fs dvand J = [psvf dv = > qs [gs vfs dv. Consequently

we obtain that
8t//( )dvda:—/E J dx =0.
RS

Now we multiply the Ampere equation (equat1on which describe the evolution of the electric field
in the Maxwell equation) by the electric field and we integrate to obtain

1
28,5/ | E |? dx—/(vXB).de:—/qu-de.
2c Q Q Q
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Consequently we obtain

2 1 1
82// (m|”| ) duda + a/ E? dx_/va Ede—=0. (12
' — JaJrs > 2402 Q’ | ) Q( ) (12

Now we consider the Faraday law (equation which describe the evolution of the Magnetic field).
We multiply by the magnetic field and integrate.

/&gB-BdaH—/(VxE)-de:O
Q Q

1@/ | B |? d:c+/(V><B)~de:0
2 Ja Q

Plugging the last relation in the equation (1.2) we obtain the results. |

1.2 Derivation of the two fluids model

To derive the two fluid models, we take the moments of the kinetic equation where the distribution
function is close to the Maxwellian distribution defined by

v —uf
, mlv—ul? T2

I —n<7m )56_ 2T —pt T
M= 27T B W%U%

with u = % fRS v fyr dv and the thermal velocity vy = \/% . The distribution function is close
to the Maxwellian when the dynamic of the plasma is dominated by the collisions (Coulomb
collisions). For this we introduce the function g(v). The method consist to multiply the kinetic
equation by g(v), integrate on the velocity space for g(v) = 1, msv, ms | v |?. For the following
we assume that the distribution function is a compact function in the velocity space. Consequently
the distribution tends to zero at the boundary of the velocity space. Here we neglected the source.

1.3 Continuity equations

To obtains these equations we use g(w) = 1. We obtain

o, fsdv+/ 'U'Vw(fs)dv—k/ qs(E+v><B)-V1,fsdv:/ Cy dv (1.3)
R3 R3 R3

R3 Mg

and we define 1
ng = fsdv, us=— fs dv
R3 Ng JR3
By definition since v does not depend of x and since we integrate on the velocity space we can
write

/Rgv'vm(fs)dv_AVm'(va)dx—vm'Agvfsdv

Consequently we obtain

8tns+V-(nsus)+/ &(E+v><B)-vasdv: Cs dv
R3 Mg R3



Using the properties of the collision operator we remark that the integral on the velocity space of
(s is equal to zero. Now we remark that

(E4+vXB) -Vufs =V ((E+vxB)fs)

since Vy - (E4+v x B) = (V, xv)-B—wv-(V, x B)=0. Using the free-divergence theorem we
obtain that

Vo (E+vxB)Jf.) dv:/ (E+vxB)f,) dv=0

R3 R3

since the distribution is a support compact function in the velocity space. At the end we have

obtain
Ons + V- (nsus) =0

Multiplying the equations by m, we obtain

Ops +V - (psus) =0

with ps = mgns.

1.4 Momentum equations

To obtains these equations we use g(w) = mgv. We obtain

/ mgv0y fs dv —|—/ msvVg - (vfs) dv + msvVy - (ﬁ (E+vx B)fs)dv
R3 R3 R3

S

= msvCy dv
R3

and we define k = v — u, and
1.5 = Lo
Ps = ms*|k| fs dv:nsT& II, = ms(k®k_7|k| Id)fs dv
w3 - 3

and

Rs = s mSkZCss’ dv

The coefficient p; is the isotropic pressure, ﬁs the stress tensor and R, the friction coefficient. It is
simple to obtain that ng, msv0fs dv = 0(psus). Now we consider the second term

msvVg - (vfs) dv = / Ve (msv@uvfs) dv
R3 R3

= vw : / (msv ®vfs) dv
R3

—vm/ (msus®usfs+ms(us®k+k®us)fs+msk®kfs) dv
R3



By definition of k we obtain that ng kfs dv = 0 (because us doest not depend of v), therefore
msvVg - (vfs) dv = Vg - / (msus @ usfs + msk @ kfs) dv
R3 R3

=Vg- (psus & us) + Vg - ( msk @ kfs dv)

R3
=V (psus ® 'u's) + Vaps + Vg - ﬁs

By definition of the stress tensor and the isotropic pressure. After this we study the term linked to
the electric and magnetic field.

msoVe - (2 (E +v x B) f5) dv = —/ msVp(v) - (L (E +v x B) f,) dv
R3

R3 mg mg

__/ (45 (B + v x B) f,) dv
R3

= —qsns(E + us x B)

To obtain the previous result we use an integration by part and V,v = 11;. To finish we study the
collision term

s msvCs dv = /R3 ms'vZCss/ dv
= /RS mskz’:cssl dv + /RS muZC dv
= /RS mschssl dv + mu, /R3 Zc dv

=R,

At the end we have obtain

815([)5’11,3) + viﬂ : (psus ® us) + vas + vw ‘ﬁs = USE + Js x B+ Rs

since J s = osus.

1.5 Energy equations

2
To obtain these equations we use g(w) = m % This leads

|U|2 ”U’Q |v|2 ds
msiatfs dv + ms— vm'(vfs) dv + ms 4vv'( (E+UXB)fs) dv
R3 2 R3 2 R3 2 e

2
:/ msﬁCs dv.
R3 2



We consider the first term

2 2
ms|’02|8tfs dv :8t/ msﬂfS dv

R3

A
(/ 2 kusfs+ms| S' )dv> 2
3({ "“' L dv>+at (e [ mebsoaw) ([ om 550 a0)

2 2
’k’ >+8 <‘ Us| Mg fs dv)
2 R3
_at (2]?5 + ps|us| ) = at(ﬂsﬁs),

which comes from the fact that u; does not depend on v and ng, kfs dv = 0. We then define the

heat flux q as
||
q= | msk—-fsd
R3 2

Considering the second term we obtain

/ |v]?
» TVm “(vfs) dv=Vg - < ms—vfs dv)
—v, - ( |”|2ka ) L V- < |v2|2u5f5 dv>
:Vm < ‘UPkfs > +Vm : < ’v’2fs >
R3
=V - ( kfS dv) + V- (psuses) .

2
The last result uses the previous computations. Now considering V, - ( ng ms%k fs dv), we
have

|v|? k| Jus|?
V- mg——kfs dv ) =V - ms—kfs dv + ms(kus)kfs dv + M kfs dv
R3 2 R3 R3 R3 2

k|2 2
=V, - </ [k | —kfsdv+ ms(kus)kfs dv + |u5|/ msk fs dv)
R3 R3 2 R3

=Vz-(q)+ Vg - </ ms(kus)k fs dv>
RS
~Vo - (@) + Vo (T ,) + Va - (pous).
therefore

2 _
/ msﬂvw . (vfs) dv = Vm : (psuses) + Vm ’ (ﬁ ' uS) + Vm ’ (psus)
R3 2



We continue by studying the term linked to the magnetic and electrical field, we obtain

[v]?

/mwv ~(qs(E+v><B)f)dv:—/
gs 2 Y g B 2

R
:_/ gs(E+v x B) fs-v dv
R3

gs (E+v X B) fs- Vy( ) dv

:—03E~u5—/ gs(v x B) -vfs dv
R3
=—0.F - ug,

having used that (a x b) -a = (a x a) - b = 0. To find the terms associated with the collision we

define
QA - / m | |2 C / 1]'[}
s RS s 9 : - : EE] :

We finish by the collision term.

v k| |us |*
/ mg——Cl dv:/ ms——Cy dv + msuskCy dv—i—/ ™M Cs dv
R3 2 R3 2 R3 R3 2
:/m“"‘Q§jc,dv+ mukEC/dv+/m|us|2§C/dv
RS s 2 . Ss RS ss - ss RS s 2 / ss
:QAS +Rs cUsg.

The last term is equal to zero by definition of operator collision. We obtain at the end

Or(pses) + Vg - (psuses) + Vg - (ﬁ ' us> +Vz - (pstts) + V- (q) = 0 E-us+Qa, + Ry -us

1.6 Final Bi-fluid model and Energy
The final bi-fluid model is given by



r—( Bi-fluid model} \

([ Oipi +V - (piu;) =0
atpe +V. (peue) =0

8t(p¢’ui) + V- (piui ® u,) +Vp, =0 E+J; x B=V ﬁz + R;
8t(peue) +V- (peue ® ue) +Vpe =0.E+J. x B=V 'ﬁe + Re

Opiei + V- (pi€iv; + piui) + V - (Qi +10; - uz) =oiui- E+Ri-u;i +Qa,

8tpe€e +V. (peeeue +peue) +V. (qe + ﬁe : ue) = OeUe * E + Re “Ue + QAe

(1.4)
and )
—O0E -V x B = —puoJ
C
OB =-V xFE
' X (1.5)
V-B=0
1
V-E=—o0o
\ o

\. J

with ¢ = (sg,uo)_%, Tie = GieNie, the current for each species J; . = ¢;n;cui. and density for
each species p; . = m;n;.. The charge for each particle is g, m correspond to the mass of the
particle and n the density number. The friction coefficients between the species are defined by
R=R;,=—-R..

Qa, =3

Melle Melle

(Ti —Te) — R - (u; — ue)

(117, - Te)’ QAe = _3

Tem; Tem
Now we introduce the quantity for the total fluid.We define the density, momentum, pressure

and current for the total fluid: p = n;m; + neme, pu = nyMmiw; + NeMmette, p = pe + pi, I = I1; + 11,
o =0;+0cand J = ¢;n;u; — geneue. Firstly we remark that ¢; = —¢. = e.

— Lemma |

We assume that the boundary conditions are correctly choose. The equations (1.4)-(1.5)
satisfy

d 1 1
— e + pici) Az + / E2dx+/ Bde):O
dt (/Q(p pici) 210¢? Jq B 210 Jo 1Bl

. s 2
with pses = fR3 ms%fs do.

\. J

Proof. Now we multiply the Ampere equation (equation which describe the evolution of the elec-
tric field in the Maxwell equation) by the electric field and we integrate to obtain

1
2c o) Q Q

10



Now we consider the Faraday law (equation which describe the evolution of the Magnetic field).
We multiply by the magnetic field and integrate.

/E)tB-Bda:—k/(VxE)‘de:O

Q Q
1
/atyBP dx—i—/(VxB)-de:O
2 Ja Q

Coupling the two previous equations we obtain that

— | — E\|* de + — Bl“ dr ) =— J - FE)dx 1.6
dt <2M002 Q | E] 210 Jo 1Bl Q( ) (1.6)

In a second time we integrate and sum the two energy equations in the two fluid models

zs: [/Qatpses dx+/QV~(pSesus+pSus) d:c+/QV' (qs+ﬁs~us> dx}
:/(Zasus)-de—I—Z/Rs-usdx+Z/QAs dz
Q - Jo —Jo

Using the boundary conditions and the flux divergence theorem we obtain

> Uﬂ«%psesdx] =/Q(Zasus)-de+Z/ﬂR3-us dw+Z/QQAS dz

By definition J = (3, o,us), Y, Qa, = —R - (u; — u.) consequently

Z[/@tpsesdx]:/J‘de—i—Z Rs-usdw—/R'(ui—ue)dx
~ Lo Q — Ja Q

Using that R; = —R; = R and coupling the previous equation and (I.6). |
At the end of the previous section we have obtained the two fluid models. In this section we
propose to write the nervy estimate for this model and after using some ordering derive the Ex-
tended MHD model and write the energy estimate for the model obtained (this is a single fluid
model with two fluids effects). Before to construct the MHD we introduce the plasma parameters.

2 Definition of plasmas parameters

The first work is to defined the characteristic parameters and quantities for a Plasma in a Tokamak.

Frequencies:

Electron plasma frequency : w,.. Frequency of electron oscillation in the plasma..

Ion plasma frequency : w,,;. Frequency of ion oscillation in the plasma.

Ion gyro frequency : w.;. The angular frequency of the circular motion of an ion in the plane
perpendicular to the magnetic field.

Electron gyro frequency : w... The angular frequency of the circular motion of an ion in the
plane perpendicular to the magnetic field.

11



e Ion collision rate : v;.
e Electron collision rate: v,.

Length:

e Ion free path : \;. Average distance between two subsequent collisions of the electron with
plasma components

e Electron free path : \.. Average distance between two subsequent collisions of the ion with
plasma components

e Debye length : A\p. The scale over which electric fields are screened out by a redistribution
of the electrons.

e Ion gyro radius : p;. The radius of the circular motion of an ion in the plane perpendicular
to the magnetic field.

e Electron gyro radius : p;. The radius of the circular motion of an electron in the plane
perpendicular to the magnetic field.

Velocities:

e Ion thermal velocity : v7,. Most probable velocity of an ion in a Maxwell-Boltzmann distri-
bution.

e Electron thermal velocity : v7,. Most probable velocity of an electron in a Maxwell-Boltzmann
distribution.

e Sound speed : c. The speed of the longitudinal waves resulting from the mass of the ions
and the pressure of the electrons.

e Alfvén wave : vy. The speed of the waves resulting from the mass of the ions and the
restoring force of the magnetic field.

3 Derivation of Extended MHD using bi-fluid models

The two fluid model obtained admit the same energy estimate that the two species Vlasov-Maxwell
equations. To verify that the following models which comes from to this one are correct. We pro-
pose to verify that we obtain the equivalent energy estimate for the other models. Actually this
model describe the evolutions of the two fluids and is not close (for this we need to define the
stress tensors the heat fluxes and the isotropic pressures). Now we propose to show that in the
tokamak plasmas the assumptions of quasi neutrality is globally satisfy. This assumption allows
to derive a one fluid model called "Extended MHD”. In the following we will derive the model,
gives the closures and the energy estimate.

12



s o P
no= p Po
~ _ u _ V2
u =y bo = TNoMuVr,
I
vV = LV %0 = Vopo
E = E W o= A
I
B = Bo JO = Ny eVb
!
- J4
J = =

Table 1: Normalization

3.1 Derivation of the extended MHD

To derive the single fluid Extended MHD model we study the plasma in the quasi neutrality limit
and the magnetostatic assumption. Firstly we propose to use dimensionless variables to obtain
these two assumptions when the characteristic velocity of the plasma is smaller than the light
velocity. Now we introduce the ordering and compute the dimensionless equations. We assume

2
the normalization given in . We introduce e; = mz’ and g9 = % with Vp = % (V4 Alfven

velocity, w.; ion gyrofrequency). "

— Lemma \

The model (1.4) with the previous rescaling is equivalent to the same fluid model with
the new electromagnetic equations:

V x B = pgJ + O(g3)
atB:—VXE
(3.7)
V-B=0
V-E:ia
\ €0

and u = u; + O(e1 + e2) and p = p; = myn; + O(e1 + €2).

\. J

Proof. To simplify the notation we use ¢t and not ¢ for exemple, but we use the dimensionless
quantities. Using the recalling we obtain

Ey
OB = — FE
t wolBg "
and JoL E L
HoJo 0Wo
V x B = J onFE
% By " By

13



Choosing Jy = %, Ey = wyByL and wg = % we obtain ;B = -V x Eand V x B = J +20,E.
Now we study the poisson equation which is

oL
V-E=
EoEQ
J V2 . 9o B _ eBo .
by definition we have Vj = =l with V§ = T and wy; = ot Now we consider that
EoEO
o= V-E
L
ing the relation ¢ = (gou0) 2 and the definition of E, btain that 20 — woBol _ VoBq
using the relation ¢ = (gopuo an e definition of Ejy we obtain that <070 = “052x = 02
V2

by definition of wp. To finish we use the relation with Jy to obtain that ¢ = (V x E)nge-§. By
definition of o and since V x E = O(1) we have

2
n;—n V
; 6%0<0>M%

n c2

This is the quasi neutral approximation. Now we consider p which are equal to
p = min; +mene = m;i(n; + €1ne)
Since n = n; = n. + O(e3), p = min = mn; + O(e') + O(¢3). Now we study the velocity

o (nu; O(e3
" min;w; ;meneue _ mz(nuz + 51;7.146) + (62) ~u; 4 0(51 + 52)

— Lemma |

When ¢; and ¢ tend to zero we obtain the following equation called Extended MHD:
Op+V-(pu)=0

pﬁtu+pu-Vu+Vp:JxB—V'ﬁ

Opi+u-Vp +pV - u+ V- q + 1L : Vu = 3-2 (T, - T,)

Telll;

8tpe+u-Vpe+'ypeV-u+V'qe+ﬁ6:Vu

=g (e = p YENTEL v (M) gt (T; —T.) +n|J >
pe p ep Telli (5.8)
0B=-VxE

E = <—u X B+nd — @V~ﬁef@Vpe + &(J X B))
pe pe pe

wV xB=J

V-B=0

with w = u; and p = p; = m;n;.

\. J
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Proof. We begin to estimate the electric field with the other variable. This relation is called Gener-
alized Ohm law.

Generalized Ohm Law}

EtuxB=nJ-"v. 1L+ 5xB "y,
pe pe pe

We begin with the two fluids model. Taking the masse and velocity electronic equations we obtain
Me (Or(nette) + V- (neue @ ue)) + Vpe = —eneE+J. x B—V -ﬁe + R,
we multiply the previous equation by —e and we define J., = —en.u., we obtain

MmeOiTe +meV - (Je @ ue) = eVpe + €2neE — eJ, x B+ eV -1, — R,

since J, = —en.u. we obtain at the end
Me 1 1 = 1
57— (OJe + V- (Je®@ue)) = E+ue X B+ Vpe + V.11, — R,
e2n, ene . ene

Since the masse of the electron is close to zero, we neglected the terms multiply by m.. Using that
u; X u,n=n, =L and u. = u — %J,weobtain
E+u><B:@JXB—@Vpe—%V-ﬁe—i—ﬁRe.

pe pe pe pe
To finish we use that R = — R, = —n;5-pJ. Now we have obtain the Generalized Ohm law. We
can derive the final model. Summing the equations on p. and p; we obtain

Mass equation}

Oop+V-(pu)=0 (3.9)

Multiplying the momentum equations by the mass of the particles and summing these equations
(we have R, = —R;.) we obtain the following approximation

O(pu) + V- (pu; @ u;) + V- (pue @ ue) + Vp = p(n; — ne) E + p(niw; — neue) x B —V 1
Now we use that u, = u + %(u —u;)and u; = u + %(u — u.). These relation between the
velocities gives
Ot(pu)+V-(puu)+V-(pet; @ (u—ue)+pitte@(u—u;))+Vp = p(ni—ne) E+p(niu;—neue ) x B—V - I
Now we use that u = u; + O(g1 + €2) we obtain

mMipPe

” u®J +Vp = p(n;—ne)E+ p(nju; — neue) X B—V-ﬁ+0(€1 +e2)

h(pu) +V - (pu®@u)+

Using the definition of J, the fact that m%;’eu@)J is homogeneous to O(g1+¢2), since n;—n, = O(£3)
gives the following momentum equation

8tpu+V-(pu®u)+Vp:JxB—V-ﬁ+O(51+52)

Using the equation on the mass and neglecting the term homogeneous to € we obtain the following
equation on the velocity

15



Momentum equation}

pou+pu-Vu+Vp=Jx B-V-II (3.10)

Now we consider the pressure equation. We begin by write the equation for each velocity and
multiply this equation by this velocity to obtain

8t(pi\ui\2) + V- (p\uz\zuz) +u;Vp =ou; - £+ (JZ X B) -u; — V- ﬁz + R; - u;
idem for the electronic case. Since J; . = 0; cu;. then (J;. X B) - u;. = 0. Now we subtract the
previous equation to the equation of ion energy (the same for electronic case). We obtain
1

a .
tpsz,}/_l

Y1 V- (pwi) + V- (pwi) — wi - Vpi + V- qi + I - Vg = Qa,

1 =
/y_latpe‘i‘ﬁv'(peue)"’_v' (peue)_ui'Vpe+v‘Qe+He:vue:QAe

We obtain the same equation for the electronic pressure. We sum the two equations to obtain after
small approximations for the source term :

7_18tpi+%v'(piui) —w;-Vpi+V-qi+ 10, : Vau, = Qxa,

1
v—1

atpe + %v : (peue> —Ue - Vpe+V-qe +ﬁe :Vu, = QAe

Now we replace u. by u; — T:—p"J =u— Te”—/jJ. Using that u = u; + O(e1 + £2) we obtain

Pe

1 =
Opi + ——u-Vpi+ ——pV - u+V-q+ 1 : Vu=3 (T; — T.)
v—1 v—1 v—1 TeMy;
1 m; De 1 my = m;
atpe“‘iu'Vpe‘i‘Lpev'u_ 1 7v(p*J)— —dJ -Vp.=1I.: V| —J
v—1 v—1 v—1 vy—1ce p v—1 pe ep

Pe
Tell;

+3

(Ti - Z) -R- (UL - uc)

Now we study the term

y—1ce v—1 pe
which is equal to
m; 1 m
- Pe ’ Jpe -V ()
epv—1 -1
At this end we obtain
1 1 Y o . o Pe
opi + —u-Vpij+ ——p;V-u+V-q,+1I;,: Vu =3 (T; — Te)
v—1 v—1 v—1 TeM
1 1 my \Y = mg
atpe‘i'iu'Vpe‘l'Lpev'u* , —dJ - <VP67pep> =1II.:V <J>
y—1 y—1 y—1 v—1pe p ep
+3-L (T - T) R (u; — ue)

TeMy;
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To finish we remark that s
R (ui—ue) = —4J - R=y|J?
ep

Consequently
,—E Pressure equation} .
1

1 =4 De
Otpi+7U-Vpi+ipiv-u+v-qi+ﬂi:Vu:3// (T; — T¢)
v—1 v—1 v—1 TeM;

1 p—
3tpe+7u'vpe+ipeV-’u+V-qe+He:Vu
v—1 v—1

1 my \Y%
= ﬂ'] : <v])zi - 7])6p> =
v —1 pe p

v—1

=

v <nL7J> -3 Pe (T] —Tc) "‘77"”2

ep Tem;

|
The model obtained is called “Extended MHD”. This system contained the Ideal MHD (black
terms), the resistive MHD (blue and black terms) and some two fluid effects (red terms). Later in
this documents we will prove how obtain these models with the Extended MHD. This model is

study in the code M3D-C1 [JARDIN [-[FERRARO 2008].

To finish the modelization of the plasma by this extended Model we will define the closures
which gives the form of the stress tensors and the heat fluxes.
3.2 Braginskii Closure
In this subsection we will define the classical and more complexe closures used for the Extended
MHD code. The expression of the stress tensors are simplified in the other models defined later.
3.2.1 Heat flux Braginskii closure

We begin by details the heat flux q. The Branginskii closure gives the following writing of the
ionic heating flux

~— Heat flux \

qi = —mxﬁVHTi —nixX Vel — X, Vo T,

and
Qe = _neXﬁvHTe - neXEVCTe - neXivLTe + ...

\. J

with V|| = ﬁ : (ﬁ V),V.=2 x(£Z xV)and V, = % x V. The Braginskii closure gives

the following coefficient

€ e e )
XH NEHv Xe ~EL, X ~¢&]

with g = 22¢ and & 1= Pie (L and L) the parallel and perpendicular characteristic length.
[ L I, p perp g
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Scale regime is the Tokamak}

p;e )\ie
el =" <<gj=—
LT =

These scaling shows that the diffusion operator is strongly anistropic.

3.2.2 Stress tensor Braginskii closure

In the different paper the closure used is proposed by Braginskii [BRAGINSKII 1965]. This closure
assume that a small armor radius, a small parallel mean fee path and large collision frequency if
you compare to the characteristic frequency. In This closure the tensor is decomposed between
three parts : the parallel, cross and perpendicular part defined by

e 3 1:5
o I = —Smopi(B-W - B)(ls— BB) = -1

1 1 pr—)
o IT. = _5773]%(3 x W - (Ig+ 3BB) + transpose) = —11

c

o II, = —mpi((Il;— BB)-W - (I, — BB)

BB + transpose)) = %ﬁL
We;

_ %(Id _BB)(I;— BB): W+ 4((I4— BB)-W .

with W = Vu + Vu! — gfdv S, Ny = 0.96&, m= il il and n3 =
12

7
10 wy QWe;

3.3 Energy estimate for the extended MHD

— Lemma |

The total energy for the MHD is given by with p = pT" and v = 2. The conservation law
for the total energy is given by

1
E=p—H+= +,y_1(pe+pi)- (3.11)

with p = pT and v = 2. The conservation law for the total energy is given by

2
OE +V - [u <p|u2|+yv_l(pe +Pi)> — (u x B) x B} (3.12)
+V-{mi<(J><B)><B—Vpe><B—(V-He)><B— AflpeJ—J-He>:|
pe -
(3.13)
4V-q+V - (I-uw)+nV - (JxB)=0 (3.14)

If we integrate in space the previous energy conservation laws we obtain that the energy
is conserved in time.
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Proof. Firstly we define the total pressure p = p. + p;. Secondly adding the two pressure equation
we obtain the following equation on the total pressure

1 1 1 m vy ,
Oyp+ Y Vp-l-ipv ut+V-q= 71J (Vpc — p 2 > 10 Vu + TP+, v <m J)
y—1 Y- Y- —lep p ep

We multiply the mass equation by ul® , the velocity equation by u, the pressure equation by
and the Magnetic equation by B. We obtam

u- (p@tu%—pu'Vu—i—V(p):JXB—V‘ﬁ)

P 1 m; Vp
o = 7. (V. —Ap L
y-1 7-1 (v = ep < e b, >

I Vu+ gl JP+1L:V <7J) (3.15)

B-(‘)tB:B-<V><<u><B nJ+7p’I‘v I +%vpf%u B)>>

VxB=J

V-B=0

Firstly using the velocity equation multiply by « and the mass equation multiply by % to obtain
the equation on the kinetic energy

O(pu) + V- (p\u!zu) +u-Vp=(JxB) u—(V ﬁ) X

Adding this equation to the pressure equation and the magnetic field equation multiply by B. We
obtain

2
&gE:—h;’V-(pu)—p\u|2-Vu—fyf_ylu-Vp—v’y_lpV~u+B(V><-(uxB))+u-(J><B)
i i ] v
4V x (mVpe> .B—-V x (m (J x B)) B+ LJ- (Vpe —”/pe'o>
e pe (v —1ep P
4TI, v(”“J>+vX<’”7v H> B
ep ep

+Voq-n(VxJ-B)+nJ>—(V-I)-u—I: Vu

Using the same argument that for the resistive case
Jul®

atE:—v-<( T+L1p) >—|—V~((u><B)><B)

(] v ( : v
LV x (m VP) B_VUx (m (J x B)) B+ . (Vp({—vp({p>
pe pe (v = Dep p

410, v<7”J>+v <’”‘ >
ep
TI) -

+V-q—n(VxJ-B)+n|J?—(V



Now we consider the terms linked to the electronic stress tensor. We have

V % <m (V»l‘[e>> .B=V. <m (v-T0.) ><B> + 2 (v-1L,) g
ep ep ep
~V. <W (v-10) ><B> +V. <"”H€-J> —HG:V<miJ>
ep pe
To obtain this we have use V - (a x b) = (V x a) - b — a(V x b). Consequently we have

’LL2
8tE:—V-((p%—{—%p)u)—i—V-((uxB)xB)

v (”“ (v-ﬁe) ><B> vy (WHB~J>
ep pe

+V x ("”vg) B-Vx (m (J B)) B+ . <Vpe - vpevlo>
pe pe (v —1Dep P

+Voq-n(VxJ-B)+yJ?—(V-I) u~—1: Vu

Now we use V - (ab) = aV - b + Va - b. Using the same relation we obtain that

B-(Vx(Z:JxB»—v-(Z:(JxB)xB>+<WJ><B>-(V><B)

pe
The term (%J X B) - (V x B)is equal to zero since J = V x B and (J x B) - J = 0. We use also

that
v x <mivpe> —v. (vae X B> + Mgy, g
pe pe pe

to obtain
B lul> =~

+V- (mi(V-He) ><B> +V- <miH€.J>
ep ep

-V (mi(J x B — Vp,) x B)
ep

L™ g (vpe wjﬂ) IS

(v —1ep p ep

+V q—n(VxJ B)+nJ?—(V-I) - u—T: Vu

Now we compute the term 7" = (A/TWJ . (Vpe — 7p6%> + T—/;Vpg - J. We obtain

|
)
AE
\}:\/&
=
R
N
S
a
)
S
4]
N
N———
=2 |2
= =
3
b
4]




the last result is given by V - J = 0.

_ [ul> v
\va (W(V-H@) xB) +V. (WHH.J>
ep ep
v <"“(J x B — Vpe) x B> +—v. <pJ>
ep y—1 p

+V-q-n(VxJ-B)+nJP?—(V-I) - u—1I: Vu
To finish we use that
VxJ-B=V-(JxB)+|J?

The proof is finished. [ |
The result show that we have an an energy (total physical energy ) which is preserved. This result
is interesting for two reason. Firstly this is a first step to obtain the stability of the model. Secondly
the conservation of the energy is important at the physical level consequently it is a good criterion
to validate the following reduced model that we have a energy balanced law close to this one.

4 Ordering for Extended MHD In Tokamak

In this section, we propose to define dimensionless equations for Extended MHD. Using this di-
mensionless equations, we will given ordering which is use in the Tokamak. In a following section
we cill use this ordering to simplify a little the stress tensor and some other terms. We begin with
the model with generalized Ohm law with full stress tensor. The ordering proposed in this part
comes from to [SCHNACK 2006]-[SCHNACK]. Just for the ordering we consider the equation on
the total pressure (but we using the electronic pressure equation we can find the ion and electron
pressure equations).

,—{ Extended MHD with single pressure} \

Op+V-(pu)=0

p&tu—i—pu-Vu—l—Vp:JxB—V-ﬁ

_ﬁ:Vu—{—ﬁe:V(%J) + 1| J?

8,5B:—V><E

E = (—uxB—i—nJ—miV~HEmine+mi(J><B)>
pe pe pe

/.L()VXB:J

V-B=0

(4.16)
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Using the same assumptions as before we obtain the ordering for the Extended MHD (¢.16). Before
to begin the ordering we define the important small parameters.

r—[ Small Parameters} \
e Time small parameter: ¢ = ¢
e Velocity small parameter: £ = VLﬁz
e Spatial small parameter: § = %
e Magnetic Reynold number R,, = %

4.1 Mass equation ordering

Using the ordering we obtain

noV(
Orp+V - (pu) =wonodep + =V - (pu)

VG ()

=wonom;Oyn +

1%,
:EeBoatn + mixo
We; L

m; Vo

TeBo V- (nu)

VTimi

LeBo
Vr

—eOin + gLiv - (nuw)

Wei

V- (nu)

:58,571 +

=edn + & V- (nu)

. Vr, . . .
Using that p; = u% we obtain the following mass equation

Ordering mass equation}

edn + &0V - (nu) =0
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4.2 Velocity equation ordering

Using the ordering we obtain

EVzp@fu—l—pu-Vu—kVp—JXB—kV-ﬁ

V2
nOVOZmZ-
L

no %2 my

H p—
w- V) + %Vp ~ JoBoJ x B+—°V - TI

=wonoVom;(ndyu) +

H p—
=enoVoweimi(ndyu) + (nu - Vu) + %Vp — JoBoJ x B+TOV II

ﬁ fr—
=engVpeBo(nodyu) + (nu - Vu) + ‘%Vp — JoByJ x B+TOV 10

Vimg I =
—e€(Vir,noeBo) (ndyu) + 220 (ay . V) + %Vp — JoBoJ x B+=V 11
VZmi Po J ﬁo
—et(ndu) + —2L (nu - V) + —2 v JxBt——"
6£(n tu) + LVTZBBO (nu u) * LVTinoeBo P VT nope . JrLVTi’/L()eBo
Since Jy = ngeVg
EV =e£(ndpu) + €25(nu - Vu) + 5 Vp —&J x B+lv I
‘ V2 P LVrnoeBo
=e€(ndyu) + £20(nu - Vu) + 5 Vp —&J x B+lv I
‘ V2 P= LV, noeBo
We consider that pg = nom;Vj, consequently
EV =c£(ndyu) + £26(nu - Vu) 4+ 6Vp — €J x B+lv I
' P LVinoeB,

. I o .
To finish we use that W(EWBO ST, 0 V2 " Bo =4 p—o and we obtain at the end

AVAR

=l

Ordering momentum equation}

]___[ pr—
e&(ndyu) + E28(nu - Vu) + 6Vp — £J x B+6P—OV T =0
0
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4.3 Pressure equation ordering

Firstly we remark that ¢ = %VL = Lw = Vopo.
1 1 ¥
EP = Op + u-Vp+ ——pV-u+V-q
v—1 v—1 v—1
1 my Vp\ = m; 9
— g (Vpe = pe-L )4 Vu — T V (2T ) = )|
y—1lep p ep
1 1 Vopo Vopo 0
_ O+ —— [ Loro YoPo . (f .
7_1p0w0tp+7_1(L> V-l- 1<L pV - u+ T \Y

1 pedo J vn\ TV o, Jo. =
_7170 0 vPe*’)/pein + u OH Vu ( u O)He:
v—1Lengn n

1
v _
n
1 1 \% \%
POEWOpp + —— (—0p0> -Vp + (—0p0> pV -u+ (qo> V-q
- Y- -1
1
v _
n

1 1

1 6Jo J vn\ IV I1,Jy .=
— 20T (gp, — yp - )+ 2O V- (UL
v —1Lengn n

-1

fr— pr— 4

1 e J J \Y II, = II J = 1 J2

— Bo_ 0 -, (Vpe —’ypen>+05§1_1 Vu—(—2—" I,:V <J> —n—L—|J?
v — 1po Lengwe; n n Po po Lengwe; wczp0

1
e0p+ ——=&nu - Vp + L{npv-u—i- % V-q
v—1 v—1 Wei

1 0
e@tp—i-—éfu-Vp—i-L&fpV-u—i-(qo )V'q
1 v—1 v—1 P

0VT;
1opg . J vn\ T, = M= 1
- 7@557 : (vpe - ’Ypen)"i_o(sfn :Vu — 66701_-[6 Vv <J> - JO "]‘2
Y—1po "n n Po Po n wczpo
eatp+L5£u-Vp+L6£pV'u+ _a0Vo0_ V-q
1 -1 -1 PoVoVr,

1 B
T) -y b P

n vL ming Vr_ﬁ, Wei
1

1 pg  J m_ =
= Poge . (vpc —’ypcvn>+05£1'[ :Vu —65—01'1 v(
Y—1po "n n

e@tp + —5§u Vp + —5.£pV u + 6 < ) V-q
Y- Y- 0Vo

1 Vn 1 B e
R (m—mn) fagn Vu - 6£JH V< J)—n I

~—1po °n n vLVy miwe;
JO B, .
because ———— = §¢ and Jy = ngelp = ’}. We obtain
Lingewg; v
,—[ Ordering pressure equation} |

1 T \%
SO+ —06u - Vp+ =06V - u+ 3¢V - q— 1 Ude S (Vp —
1 v—1 v — y—1pg "n n

T 2
7511 5—01'1 J—Lﬂ:
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4.4 Generalized Ohm Law ordering

After the three classical equation we study the Ohm Law.

m; m;

OL=E+uxB—nJ+ V. 1L+ “Vpe — —(J x B)
p p

:E—i—uxB—nJ—{—%V-Hc—&—/—Vp@—/—(J><B)

I, 1 JoBo\ 1
—EyE + VyBou x B — nJ0J+< ) ~Vv. 1'[+< >Vp@—< 0 0>(J><B)
noe | n noe ) n noe ) n

o, \1_ = €\ 1 JoBo\ 1
Vi BoE + Vi, Bou x B — o + | —2 | ~v T+ [ 20 ) “wp, — [ 220) (g« B)
‘ ¢ Lnge | n Lnge ) n nge / n
Jo ﬁg 1 Po 1 — pS 1 Po 1 J()
=¢E B — J — — | =V - II, — | =Vpe —
§B + Cu x 77VTZ.BO + (Lpo Bonoe VT1> nv N (Lpo Bonge Vr, an noeVr,
" .
=E+éuxB—n J+ (5 V H+5 ij E (J><B)
V1, Bo Do

To finish we consider the resistive term 77VTJ.OBO' By definition Jy = %3. Using this, we obtain

Jo 1
V1. B A

n

Ordering generalized Ohm Low}

1
§E+guxB—iJ+—5 V- H6+5 Vpe—fg(JxB)zo

R, Do

To find some simplifications we propose to study the ordering in the stress tensor and in the ve-
locity field.

4.5 Stress tensor ordering

To finish we consider the ordering for the stress tensor. We consider the stress tensor which can
be write on the following form

UV =S
II= < 1_I|| + Hcross + QHL>
wci

25



The normalization of the strain tensor is given by *2. We obtain

==_(ppVo=s  pPoVor= poVopr
IHII = ( 1_I|| 7]]07‘053 Lw? HJ.)
We;
Lwei (popVo=s = poVop=s poVopv
HOH = 55 (_)m ( H” + Lw.. Hcross 2 SL
ct ci

= = UV —S
I Il = 55})0 ( 1_I|| + Hcross wHJ_>
ci

Ordering stress tensor}

i — UV =S
I Il = 5§p0 ( H|| + Hcross wHJ_>
ci

To finish we consider the ordering to the velocity to simplify the full velocity fields.

4.6 Velocity ordering

Firstly we take the ion velocity equation obtained with the ion momentum equation and ion con-
tinuity equation without particle source:

m;n;Opu; + min;u; - Vu, + Vp; = eni(E + u; X B) -V- ﬁl + R;

We obtain
m; 1 = 1
u; X B=—~FE+ —(0u; +u; - Vu;) + V-II;, - —R;
e i nie
Now we apply the operator B x. We obtain
Bxu;xB FExB m; B =
= O L Vu, = % (Vp:+ V- -IL — R
BF Bp epps Gt Vet g X (Vh VM= )

which gives

B ExB _ m g
B>~ |B]? " elB?

u; = (u; - B) x (Opu; + u; - V) + x (Vp; + V - ﬁl ~R)

B
n;e| B|?
We remark that the ion velocity can be write as a sum of some drift

U; = U| + UE + Usi + Up; + U, + UR,

with the different ”drifts velocities”:

e Parallel velocity: B x (Oyu; + u; - V)

IBP
ExB
e Classical MHD perpendicular velocity : |BX‘2
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ms;
ﬁB X (815’11,1 +u; - V’U,Z)

Ion perpendicular polarization drift:

Diamagnetic perpendicular drift: x Vp;

n;e| B|?

=l

V-

St dicular drift: ——— x ;
ress perpendicular dri el B2 i

friction perpendicular drift: — R;

—— X
n;e| B|?

Now we apply the ordering on this decomposition

B
|BJ?

E x B m; B
BE e Be "
FE x B
B

u; = (u, . B) Oru; + u; - Vui) -+

B
n;e|B|?
m;Vo

+ 6BO

I,
pit LBoen(]
Ex B

|B|?

%ui -Vu;)

:

X (wodpu; + %ui -Vu,)

B
Vou; = V()(ul . B) + W X (woatui +
Pbo

| BJ?
X
(LB()eno
B
|BJ?

(

B

+ Fo
n|B|?

' Bpeno

m; Vo
eBoVr,

§u; = {(u; - B) +¢

+ B X
n|BJ?

Ry

Po I, . R,
B() eng VTi

LBoenoVi, P TBoenoy, ©

X(meLV‘ﬁz‘—RL')

fui = €(u; - B) =

FE x B

|BJ?

B
+ W X <5Vpi

+¢

|BJ?

I,

+ —46V -
bo

I

Ry

+ e&du; + E26u; - Vu,;

B Boen()VTi Rl)

Therefore we obtain the following decomposition of the velocity

B

FE x B

§u; = E(u;-B) +&

| B

|BJ?

using Ry = neng.Jy we obtain

, ‘ B
+e€du; + fzéui -Vu; + W X (

Po

I _
0Vp; + —6V - -1, — ———R;
D + i BOBHOVT,; i

,—[ Ordering Velocity}
B E x B 5
B ﬁo = £
5 Pi 75 Hz - R7
+71’B‘2X<vp/+p0v R, >
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4.7 Tokamak Regime and model associated

,—E Assumption regime} |

o Assumption I ;- ~ ¢
e AssumptionII: { ~ 0

e Assumption III: £ ~ §°

=

ol xme o

m;

e Assumption IV |

il

=l

\. J

At the end the Ordering for the extended MHD is given by

820m + €62 - (nu) =0

33 (ndyu) + 8 (nu - Vu) + 0Vp — §J x BT+ 6°V - Tl +6°V -1 =0

1 1 1 p§
75261:])_’_ 7621! B VP+ L52pv -u -+ 52V -q= 7@52£ . VPP — r}/pe@
v—1 v—1 v—1 ) vy—1py n n

_ — — I, 1 2
—0°TI) : Vu — 6'Togy : Vu — 6T, : Vu +6°—CI1, : V <J> -
Do n Ry

5%0,B = 6°V x E

I, 1_ = €1
5E+5u><B—LJ+—05—V-HQ+6@—V%—5}(JXB):
Ry Po N Pomn n
oVxB=J
V-B=0

We neglected the term homogeneous to O(§%), we compute the equation with dimensionless vari-
ables and we coupled with previous velocity decomposition the model with two pressure. Since
the effect of electronic tensor a small comparing the the effect of ion stress tensor we neglect the

electronic stress tensor effect
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,—[ Full MHD model in Tokamak regime} .

(Oip+ V- (pu) =0

p@tu+pu-u+Vp:J><B+—V-ﬁgv—V~ﬁ”

1 1 p— p—
at,y_lpi+7_1U'VP1+#in'U+V'qZ‘+H”2VU+H9U:VU
=3l (- 1)

Tellg

1 1
on De + u-Vpe+LpeV-u+V-qe

v—1 v—1 v—1

1 my \Y De

=———J- <Vpe—vpep> — 3L (1 - 1) TP (4.17)
v—1pe p TeMy
GtB:—VxE

E = <—u X B—l—nJ—%Vpe#— @(J X B))
pe pe

WV xB=J, V-B=0

. . m; BxVp; E x B
w=uptuptu, w= e MdUE= TR

&

5 Full MHD proposed for JOREK

In this section we propose to simplify a little bit the previous model simplifying the stress
tensor and splitting the perpendicular to the parallel velocity. For the new model obtained we
proposed to check the energy conservation.

5.1 Simplify stress tensor and energy conservation

To simplify we note

° @:l—B‘
e Vy=(b-V)b
oV, =V-YV,

Now we consider the the parallel Tensor. Using the paper of Zeiler (need to by justify) we assume
that

= 1 G
V-IIy =Gb-Vb - -V B|V|—

and .
G = —3770 <va|| - (b : Vb) U — gv . u>
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We assume that the model of B is constant or close to constant in space. Consequently
= 1
V- 1Ij sz~Vb—§VG+V||G

Now we propose to simplify G.

1 1
G = —37]0(b . V’U,’UH — ((b . Vb) . UJ_) - ((b . Vb) : uH) —gv U — gv . u”)
N—
=0
Using V - u = b - V. We obtain at the end
G = —Uo(Qb'VU” —3((b'Vb) ~uJ_) —V"U,L)
To finish we assume that ﬁl\ :Vu = —ﬁGQ. Now we consider the gyro-viscous tensor and take

an approximation called FLR (finite Larmor radius).

V-

=

: mib mipi mipi
v = —pu; -Vu+p; (Vx >-Vu+VL <V~bxu>+be(VL~u>
! el B 2¢ | B | 2¢ || B |

It is assume that the heating ﬁgv : Vu = 0. At the end we consider the following model
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,—[ Bi-pressure MHD for tokamak with simplify tensors}

([ Oip+ V- (pu) =0

p@tu+pu-Vu+Vp:J><B—V'ﬁ||—V-ﬁgv

1 1 p— p—
37&7_11%'4—7_1U-Vpi+%piv-u+v-qi+ﬂn :Vu + 1y, : Vu
=3 (1,-1)

TeMy;

1 1 ~
Oy Pe + u - Vpe + mpev cu+ V- Qe (5.18)

v—1 —1
1 1 v e
=i sze - 'ype?p) -3

(T, — T.) + n|J|?

8tB:—V><E

E = (—u X B-I—nJ—@VpeJr @(J X B))
pe pe

wVxB=J, V-B=0
with

m; B x Vp; E x B B
—_ _ * * p
u—uL-l-u”, uJ_—uE—I-ui, ui—fppi‘ |2 , Ugp =

= m;b
. = — * . : v .
V -1l pu; - Vu+p; (V X e H) Vu

m;P;
V-bxu)—i—be(—Vl-u)
2¢ || B ||

M;pi

o (g
2e || B ||

VI =Gb-Vb—2VG+ V|G, I :Vuz—%c:?
0

G = —770(2b-vv|| —3((be)UJ_)—VUJ_)
(5.19)
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— Lemma \

We assume that all the quantity are equate to zero at the boundary. The model (??)-(5.19)
conserve the total energy of the MHD:

1B fwl*, 1
0 )] =0
t/Q( 5 tr +7_1(pe+pz)

\. J

Proof. Firstly we introduce the equation of the total pressure equation p = p. + p.. We obtain

(@i +qe) + HH tVu A+ gy Vu = — - Pl (vbc - 'chp>
Ty -1 -1 Y- v —1 pe p

Now Multiply the first equation by % the second by u and summing the two equation we obtain

| u | u = =
o | p 5 +V-|(p 5 +u-Vp=u-(JxB)-V -IIjj-u—V- I u (5.20)

Mutipliying by B the magnetic equation we obtain
| B
O - =B -Vx(uxB)—nB-VxJ-B: Vx—VpeJrB VXE(J B)

We integrate on the domain and integrate by part all the term and the right and use J = V x B to

obtain
2 )
at/<|B|)z/(uxB)-J—/n\JQ—/J @vpp /J.W(JxB)
Q 2 Q Q . Jw pe

=0

Integration the kinetic equation and summing with the magnetic equation we obtain

2 2 2 . .
Bt/<p|u| )+3t/<|B| )z/V-<p|u| u>+/u~Vp—/V-H||~u—/V-Hgv-u
Q 2 Q 2 Q 2 Q Q Q

=0

+/(u><B)~J+/u-(J><B)—/n|J|2—/J-mLVpﬁ
Q Q Q Q

=0

To kill the first rem we use the flue-divergence theorem and the boundary condition. for the
second we use algebraic property of the scalar product and vectorial product. Now we integrate
the pressure equation and we add this equation to the previous one. We use the same computation
that before we obtain

|ul* |BJ 1 =
O p + + (pe +pi) | = V (pu) V HH V-Il,-u+ [ V-q
Q 2 2 y—1 Q Q
—_—
=0
= = 1 my \Y% m;
— [ Ijru— [ g i u-— - —J - <Vpe — /pe—p J - —Vpe
Q Q o7 — 1 pe p Jao  pe

=0
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The Viscous heating associated with the gyro-viscous tensor is equal to zero (previous assumption
need to be justify). Now we consider the term associated with the parallel tensor. By assumption
we have

Now we consider

/QVTI'u:/Q(G(b-Vb)—;VG) -uL+/§2(V|G).ul+/Q<G(b-Vb)—;VCH—V) S

(1) (2) 3)

(5.21)
The term [, (V|G) - uy = [o(b- VG)b-u; = 0. Now we compute the third term called (3)

(3):/Q<G(b-Vb)—?1)VG+V”G> -
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Q%,_/ 3

1
—/VG-U|+/V||G~’LL”
Q3 Q
1
:/Gv-u+/V”G-u”
o3 Q

1
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o3 Q

—/1Gb-Vv+/V||G-u”

/ ~Gb- VU—I—/b VG | b |y

/ =Gb - V| — /Gb (Ib )
:/ Gb'vv—/Gb-VUU”
Q3 Q
2
:—g QGbVUH

By definition of G we have

2 1 2 1
£: (—b-Vv+(b~Vb)-u+3V-ul> = (—3b~Vu|+(b~Vb)-ul+3V-uJ_>

310 3
(1) —/ (G(b -Vb) — ;VG) U

Q
1
:/G(l—).wo)-m+3/Gv-ul
Q

/ G* + / Gb - Vu,
"3 0
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At the end

/V HH U—i G2

Consequently the term V 'ﬁH -u dissipate the energy and the viscous heating associated balanced
exactly the dissipation. Now we add

ju> |BP 1 / =
0 )| =— T, -
t/Q<p 5 T 5 +,Y_1(pe+p) QV gv U

b
(1):/(pu;f-w)-u+/ <pi <me>~Vu>~u
Q Q el B
mPi mMiPi
2 :/V <V- qu)-u+/be<V u>u
A A T A A At T
Firstly by definition of the diamagnetic velocity we have that
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Now we note
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Now we consider the part of the gyro-viscous tensor

(2):/9VL (267”1’; v (bxu)>-u+/9b><v<2€ ”“]’51 Vi u>u
——/ﬂ(zenizgn bxu))VJ_~u+/b><V<2€n’%];HVJ_-U)-u
S AC SRR A (V (o 7o) )
= [ (& ) v [0 (T )
—-A(ze”ﬁ’%|| bxu>m <2€”’”‘“"']”;||vL u>v-(bxu):o

The model conserve the total energy. Consequently we propose to consider this model and begin
the reduction for this model
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